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Abstract

In this paper, we introduce a new definition of sheaves on semicartesian quantales, providing first examples and categorical
properties. We note that our sheaves are similar to the standard definition of a sheaf on a locale; however, we prove that in
general it is not an elementary topos—since the lattice of external truth values of Si(Q), Sub(1), is canonically isomorphic to
the quantale O—placing this paper as part of a greater project towards a monoidal (not necessarily cartesian) closed version of
elementary topos. To start the study the logical aspects of the category of sheaves we are introducing, we explore the nature of
the ‘internal truth value objects’ in such sheaves categories. More precisely, we analyse two candidates for subobject classifier
for different subclasses of commutative and semicartesian quantales.
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1 Introduction

Sheaf Theory is a well-established area of research with applications in Algebraic Topology [10],
Algebraic Geometry [12], Geometry [14], Logic [16] and others. A sheaf on a locale L is a functor
F : L°P — Set that satisfies certain gluing properties expressed by an equalizer diagram. However,
for quantales—a non-idempotent and non-commutative generalization of locales introduced by C.J.
Mulvey [18]—there are many definitions of sheaves on quantales: in [8], sheaves on quantales are
defined with the goal of forming Grothendieck toposes from quantales. In [17], the sheaf definition
preserves an intimate relation with Q-sets, an object introduced in the paper as a proposal to
generalize £2-sets, defined in [11], for £2 a complete Heyting algebra.! More recently, in [2], sheaves
are functors that make a certain diagram an equalizer. Besides, an extensive work about sheaves on
involutive quantale, which goes back to ideas of Bob Walters [24], was recently studied by Hans
Heymans, Isar Stubbe [13] and Pedro Resende [21], for instance.

IGiven a proper notion of morphisms of §2-sets, the category of §2-sets is equivalent to the category of sheaves on 2.
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2 On sheaves on semicartesian quantales and their truth values

In this paper, we provide the basic definitions and properties of quantales in Section 2, introducing
the notions of Artinian and geometric quantales with examples that use von Neumann regular rings
and the extended half-line [0, +-oc], respectively. In Section 3, we provide a new definition of sheaves
on semicartesian quantales (as a functor that forms an equalizer diagram), given first examples and
categorical properties. We note that our sheaves are similar to the standard definition of a sheaf;
however, we prove in Section 4, that in general it is not an elementary topos—since the lattice
of external truth values of Sh(Q), Sub(1), is canonically isomorphic to the quantale O—placing
this paper as part of a greater project towards a monoidal closed but non-cartesian closed version
of elementary topos. To explore our interest in the logical aspects of the category of sheaves we
are introducing, we provide in Section 5 a detailed construction and analysis of two candidates for
subobject classifier for different subclasses of commutative and semicartesian quantales: in other
words, we investigate the nature of the ‘internal truth value objects’ in such sheaves categories.

2 Quantales

DEFINITION 1

A quantale is a structure Q = (0, <, ®) where: (0, <) is a complete lattice; (O, ©®) is a semigroup—
i.e. the binary operation ® : Q x O — @ (called multiplication) is associative; moreover,
0 = (0, <, ©) satisfies the following distributive laws: for all @ € Q and {b;};c; € O

ao(\/b)=\/(@ob) and (\/b)oa=\/Gioa)

iel iel iel iel

REMARK 1
Note that:

1. In any quantale Q the multiplication is increasing in both entries, where increasing in the
second entry means that given a,b,b’ € Q suchthat b < b', wehave a © b < a © b'. Indeed,
aOb=a0bVvb)=@Ob V@b, thusa®b<a®b.

2. Since the least element of the quantale O, here denoted by 0 (or L), is also the supremum of
the emptyset, note thata ©0=0=00 a,Va € Q.

Similarly, a unital quantale is a structure (Q, <,®, 1), where (Q, ®, 1) is a monoid. Note that
the associativity of © and the identity element provide a (strict) monoidal structure to (Q, <, ®, 1),
viewed as a poset category.

Let (O, <) be a quantale where the multiplication is the infimum (® = A). Then © is a
commutative operation where T, the largest member of Q, is its identity element. In such a case,
we obtain a locale. Thus, every locale is a unital quantale. The main example of locale used in sheaf
theory is the locale O(X) of open subsets of a topological space X, where the order relation is given
by the inclusion, the supremum is the union and the finitary infimum is the intersection. We list
below some examples of unital quantales that are not locales:

EXAMPLE 1 (Quantales)

1. The extended half-line [0, c0] with order >, and the usual sum of real numbers as the
multiplication. Since the order relation is >, the top element is 0 and the bottom elements
is 00;
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On sheaves on semicartesian quantales and their truth values 3

2. The extended natural numbers N U {oco}, with the same quantalic structure of [0, oo];

3. The set Z(R) of ideals of a commutative and unital ring R with order C, the inclusion of ideals
and the multiplication as the multiplication of ideals. The supremum is the sum of ideals, the
top element is R and the trivial ideal is the bottom;

4. The set of closed right (or left) ideals of a unital C*-algebra, the order is the inclusion of closed
right (or left) ideals and the multiplication is the topological closure of the multiplication of
the ideals.

For more details and examples, we recommend [22].

DEFINITION 2
A quantale Q = (0, <,0Q) is
1. commutative when (Q, ©®) is a commutative semigroup;
idempotent when a © a = a, fora € Q;
right-sided when a © T = a, for all a € O, where T is the top member of the poset;
semicartesian when a © b < q,b, forall a,b € Q;
integral when Q is unital and 1 = T;
divisible whena < b — I, b Ox = a,;
strict linear when < is a linear orderand a # 0,b #c = aOb #aOc¢, foralla,b,c € Q.

NV kW

The quantales [0, o], N U {oo} and Z(R) are commutative and integral unital quantales. Besides,
they are also divisible (for Z(R), we have to take R a PID). The last example is neither commutative
nor semicartesian but it is right-sided (resp. left-sided) quantale. [22].

Notation: We denote the set of all idempotent elements of a quantale QO by Idem(Q) = {a € O :
a®a=al.

REMARK 2
Note that:

1. A quantale (O, <, ®) is semicartesian iffa © b < a A b, forall a,b € Q.

2. Let Q be a unital quantale, then it is integral iff it is semicartesian. Indeed: suppose that Q is
integral, since b < T wehave a®b <a® T = a®1 = q, then Q is semicartesian; conversely,
suppose that Q is semicartesian, since T =T © 1 < 1,then T = 1.

3. Let O be an integral commutative quantale. Define a binary relationon Q by: x <y & x =
x © y. Then: (i) X is a partial order; (i) x <y = x < y; (i) x X p,y <z = x < z; (iv)
e € ldem(Q) = (e <x & e <x).

The following result explains why we claim that our quantale are orthogonal to idempotent
quantales. Therefore, the definition of sheaves on quantales that we will introduce in Section 3 is
orthogonal to notions of sheaves on idempotent quantales.

PROPOSITION 1
If O is a semicartesian quantale, then by adding the idempotency we obtain that © = A. In other
words, O is a locale.

PROOF. Since Q is semicartesian, by Remark 2, for any b,c in Q, b ® ¢ < b, c. If Q is idempotent,
forany a € Q suchthata < banda < cwe have a = a ® a < b © ¢, because the multiplication
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4 On sheaves on semicartesian quantales and their truth values

is increasing in both entries. So if Q is semicartesian and idempotent, by the transitivity of the order
relation:

a<b®c & a<banda <c.

Thus, the multiplication satisfies the definition of the meet operation. U

The above proposition is just a particular case of [19, Proposition 2.1]. Observe that any notion
of sheaf on a idempotent and semicartesian quantale is necessarily a sheaf on a locale, which is a
well-established object of study.

Construction of quantales:

1. Notice that given a family of quantales {Q; : i € I}, the cartesian product [],; O; with
component-wise order (i.e. (¢;); < (b;));i <= a; < b;,Vi € I) is a quantale. Define
Vier@pi = Ve aip)is Njer(aip)i = (N\je aip)i and (a:); © (by)i = (a;©by);. All verifications
are straightforward, but we will check one of the distributive laws:

V@ obyi=(\/aobyi =0 \/byi=(@)o\/ Gy

Jel Jjel Jel Jjel
It is easy to see that [[,.; O; is a semicartesian/commutative quantale whenever each Q; is a
semicartesian/commutative quantale.

2. If O is a commutative semicartesian quantale, it is straightforward to check that given / €
Idem(Q) and u € Q such that [ < u, then the subset [l,u] = {x € QO : | < x < u}is
closed under \/ and O, thus it determines a ‘interval subquantale’ that is also semicartesian
and commutative.

An example of a semicartesian quantale that is not integral is constructed as follow: let O be a
integral and not idempotent quantale. Given a € Q \ Idem(Q), then the interval [_L, a] is a non unital
semicartesian quantale.

REMARK 3

Every commutative unital quantale Q can be associated to a closed monoidal symmetric> poset
category O, where there exists a unique arrow in Hom(a, b) iff a < b. Note that the product [],
coproduct [ ] and tensor ® are defined, respectively, by the infimum, A, the supremum \/ and the
dot © and the ‘exponential’ is given by b* = \/{c € O : a © ¢ < b}, where b? is an alternative
notation for a — b.

Now, we introduce an operation that sends elements of a commutative and semicartesian quantale
0 into idempotent elements in the locale Idem(Q). In those conditions, we define

q = \/{p € Ildem(Q) : p < q O p}.

Since Q is semicartesian and commutative, note thatp < g Opiffp=qOp=p O 4.
Now, we list properties of (=)™ : Q — Idem(Q).

2 A monoidal category is category equipped with a tensor functor and satisfies coherence laws given by commutative
diagrams; the symmetry establishes a kind of commutativity for the tensor; and closed means that there is an isomorphism
Hom(a ® ¢, b) = Hom(c,b*), and under such bijection the arrow ev € Hom(a ® b“, b) that corresponds to id € Hom(b%, b?).
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On sheaves on semicartesian quantales and their truth values 5

PROPOSITION 2
If O is a commutative and semicartesian quantale, and {g; : i € I} C Q, then
(1) 00 =0and 1™ =1 (if Qs unital)
2 g =4
B) 4 ©Cqg=q"
4 9=9 ©q0q=q
S 909 =q
(6) g~ = max{e € Idem(Q) : e < q}

7N a =q

@B) p<gandxOp=x,thenx®Og=x
©) p=q=p =q ©p Oqg =p°
(10) (@Ob)” =a Ob”

(1) 47~ 0 Vierdi =45~

(12) V97 =(V;9)~

PROOF.

1.
2.

Straightforward.
If e € Idem(Q) is such thate < ¢ © e, thene < g © e < g, since Q is semicartesian. Thus, by
the definition of ¢~ as a least upper bound, g~ < q.

. Since multiplication distributes over arbitrary joins,

7 0q=\/{poq:p=qop.pecldem@}=\/{peldem(Q) :p=qOp}=q~

(=) From the previous item.
(<) By maximality, g < ¢~ . Thus, the result follows from item (2).

. Since multiplication distributes over arbitrary joins,

g =q ©0q =\/{pO©q Idem(Q) : p € Idem(Q).p = q © p}
=\/(pop :p.p € ldem(Q).p=qOp.p =q0p)
> \/{p©p:peldem(Q).p=q0p)
=\/{p:p e ldem(Q).p = q O p}

:q_

. By items (2) and (5), g~ € {e € Idem(Q) : e < g}. If e € Idem(Q) is such that e < g, then

e=e@e<gQOe<e thuse=e0Ogq;then e < ¢g~, by the definition of ¢~ as a l.u.b.

By item (2), g~ < g~. On the other hand, by items (4) and (5) and maximality of g~ , we
haveg™ < ¢~ .

Sincex=x0Op <xOqg <x.

Suppose p < ¢g. Then by items (3) and (8),p~ ©g=p~.

By item (5), p~ € Idem(Q) and, by maximality of ¢—, p~ < g~

Since p~,q~ € Idem(Q) (item (5)) then, by the argument in the proof of item (6), we have
p~ =q iffpT ©q =p~.
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6 On sheaves on semicartesian quantales and their truth values

10. Note thata™ ©b~ is an idempotent such thata™ ©b~ ©a®b = a~ ©b™.So (a®b)™ > a~ Ob™.
On the other hand, by item (9), (¢ © b))~ ©a™ = (a®b)™ = (@a®b)” ©b~. Then, (a® b))~ O
(@ Ob7)=((a0b)”©a )Ob” =(@0b)” Ob” =(a®b)”.Thus, (a®b)” <a” Ob™.

11. Since qj_ = qj_ Ogj < qj_ O] \/,g qi = qj_'

12. Since g; < \/; gi, from the item (9) we obtain ¢; < (V,;¢:)~, and then \/;q; < (V;4:)~, by
sup definition. ]

PROPOSITION 3
Let O be a commutative and integral (unital) quantale. Consider the maps i : Idem(Q) — Q and
()™ : Q — Idem(Q), then:
1. (Idem(Q),\/,®,1) is a locale and the inclusion map i : Idem(Q) — Q preserves ©, sups
and T.
2. Themap ()~ : Q — Idem(Q) preserves © and T.
3. The adjunction relations (for posets) holds for each e € idem(Q) and g € Q

Homg(i(e), q) = Homigemo)(e,q)

PROOF.

1. The sup of a set of idempotents is an idempotent (in the same vein of the proof of item (5) in
the previous proposition). If f, e,e’ € Idem(Q), then e ©® € < e, ¢/, since Q is semicartesian.
Moreover, if f < e,é/,thenf = f Of <e® €. Thus, e ® € is the g.l.b. of e, ¢ in Idem(Q).
The other claims are straightforward.

2. This is contained in items (1) and (10) of the previous proposition.

3. Since we are dealing with posets, it is enough to show that, for each g € Q, e € Idem(Q),

ile) <qg < e<q .

Ifi(e) < g, then by item (6) in the previous proposition e < g—.
On the other hand, if e < ¢~, then by item (4) and the equivalence in the (9) in the previous
proposition e = e © ¢~ . Then, by item (2),e <e® g < gq. O

DEFINITION 3

Let Loc be the category of locales with morphisms that preserve finitary infs and arbitrary sups, and
CSQ the category of commutative semicartesian quantales with morphisms that preserve sups and
T satisfying that f (¢ © b) > f(a) © f (D).

The next proposition is analogous to the previous one, but for the category CSQ instead of the
poset category of commutative and semicartesian quantales.

PROPOSITION 4
Consider inclusion functor ¢ : Loc < CSQ. Then:

1. The inclusion functor ¢ : Loc < CSQ is full and faithful.
2. O+ Idem(Q) determines the right adjoint of the inclusion functor ¢ : Loc — CSQ, where the
inclusion ig : t(Idem(Q)) < Q is a component of the co-unity of the adjunction.

Observe that the last item follows the same idea of Lemma 2.2 in [19].
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On sheaves on semicartesian quantales and their truth values 7

DEFINITION 4
A set o elements {g; : i € I} of Q is a partition of ¢ € Q if \/;;¢; = g and ¢; © g; = 0, for each
i #].

It is clear that if {g; : i € I} is a partition of ¢, then {g; ©® a : i € I} is a partition of a © g, for any
a € Q. Thus, every partition of unity determines a partition for any ¢ € Q.

EXAMPLE 2

For a commutative ring 4, any ideal / has a partition: take an idempotent ¢ € 4 and observe that 1 =
e+1—e. We have (1) = 4 (the unity), (e+1—e) = (e)+(1—e) and (e) O (1 —¢) = (¢e)N(1—e) = 0.
So {(e), (1 — e)} is a partition of (1) and from it we obtain a partition {(e) © I, (1 — e) ® I} for any
ideal /. If 4 only have trivial idempotents then the ideals admit trivial partition.

Next we explore other properties of the construction ¢ — ¢~ in a more specific class of quantales.

DEFINITION 5
We say that a (commutative, semicartesian) quantale Q is:

1. An Artinian quantale if each infinite descending chain go > g1 > ¢» > ¢3 > ... stabilizes
for some natural number n € N, which may vary according to the chain.

2. A p-Artinian quantale if for each ¢ € O, the infinite descending chain of powers of ¢, ¢' >
¢* > ¢° > ..., stabilizes for some natural number n € N \ {0}, which may vary according to
the chain.

3. If there is a natural number z > 1 such that for all ¢ € Q we have ¢" = ¢"*!, then we say that
Q is uniformly p-Artinian. The least n € N such that, for each ¢ € 0, ¢"*! = ¢" is called the
degree of Q.

The following results are straightforward.

REMARK 4
Let O be a commutative and semicartesian quantale.

1. If Q is Artinian or uniformly p-Artinian, then Q is p-Artinian.
2. If Qis a p-Artinian quantale, ¢ € Q and ¢"*! = ¢", then ¢~ = ¢".

The example that motivates such terminology is the set of ideals of an Artinian commutative
unitary ring. Concerning this example, we add the following:

PROPOSITION 5
Let 4 be a commutative unitary ring and consider Q = Z(4) be its quantale of all ideals. Consider:
1. Z(A) is p-Artinian;
2. For each a € 4, there is n € N such that (a)" = (a)"*!;
3. Foreach a € 4, thereis n € N and b € 4 that @ = b.a"t!. This means that 4 is strongly
m-regular.
4. Each prime proper ideal of 4 is maximal;
5. A/nil(4) is a von Neumann regular ring;
Then we have the following implications:

]l = 2 < 3 — 4 < 5.
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8 On sheaves on semicartesian quantales and their truth values

Moreover, if 4 is a reduced ring (i.e. nil(4) = {0}), then all items above are equivalent between
them and also are equivalent to
6. Z(A) is a uniformly p-Artinian quantale of degree 2.

PROOF. 1 = 2 : By the definition of p-Artinian.

2 <= 3 : Straightforward.

3 = 4:Let P be a prime proper ideal and take a ¢ P. By 3, there isn € N and b € A4 such that
a" —ba"t! = 0. So a"(1 —ba) = 0. Since a” ¢ P and P is prime, we have that a" (1 — ba) € P. Then
1 € P+ Ra and we obtain 4 = P + Aa. In other words, every non-zero element in 4/P is invertible,
which means that 4/P is field and therefore P is maximal.

4 <= 5 This is stated in [15, Exercise 4.15], where Krull dimension 0 means precisely that all
prime ideals are maximal ideals.

Now, suppose that Z(A4) is uniformly p-Artinian. This gives that Z(A4) is p-Artinian and so we do
not have verify 1. We conclude the sequence of implications by showing that 5 implies 2: we use that
a ring is von Neumann regular iff every principal left ideal is generated by an idempotent element.
Since 4 is commutative and 4/nil(4) = A is von Neumann regular, for eacha € 4 = 4, (a) = (e)
for some idempotent e € 4. Therefore, ()" = (e)" = (e)"*! = (a)"T. O

EXAMPLE 3

Since A4 is a strongly (von Neumann) regular ring if and only if 4 is a reduced regular ring [20,
Remark 2.13], any reduced regular ring satisfies condition 3 (every regular ring is w-regular) so
Z(A) is an example of a uniformly p-Artinian quantale of degree 2.

REMARK 5
For commutative rings, strongly von Neumann regular is equivalent to von Neumann regular.

PROPOSITION 6
If Q is a uniformly p-Artinian quantale, and (/, <) is an upward directed poset, then (\/,.;¢; ) =

(Vier )™

PROOF. The relation (\/;.; ¢;) < (\/;¢; ¢i))~ holds in general.
Now suppose that the degree of Q is n € N. Then

Vo =Naw'=\ @00,

iel iel i1, in€l
But, since (\/l.E ;1 ¢i) is an upward directed sup, for each iy,---,i, € I, there is j € [ such that
gi;>* > qi, < gqjthen
V @o-oa=\/qd=\qg)
Q1,0 in€l jel jel

O

Now, observe that the equality \/,.; g, = (\/;; ¢i)~ holds, in general (i.e. for each sup) for any
locale, but not for any quantale.

EXAMPLE 4
If O = R4 U {oo} is the extended half-line presented in 1, then all elements of Q are in the interval
[0, 0o]. There are only two idempotent elements in this quantales, 0 and co. Since, in this case, the
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On sheaves on semicartesian quantales and their truth values 9

supremum is the infimum, and 0 > 0 + ¢ if and only if ¢ = 0, we have

__Jo ifg=0,
| o0, ifg € (0, 00].

So, for a subset {g; : ¢; # 0,Vi € I} € Q then \/,.;(¢;) = oo but (\/;; ¢))~ may be zero or co
depending if the supremum (which is the infimum in the usual ordering) of ¢;’s is zero or not.

Since some but not all quantales satisfies such equality, we provide a name for it.

DEFINITION 6
Let O be a commutative semicartesian quantale, we say Q is a geometric quantale whenever

Vierdi = (Verqi)~, foreach {g; :i e I} € Q.

Locales satisfy, trivially, this geometric condition. Moreover:

EXAMPLE 5

The extended natural numbers presented in Example 1 is a geometric quantale. We argue in
Example 4 that the extended positive real numbers is not a geometric quantale because (\/;c; ¢i)~
could be zero. However, we only have (\/,.;¢i)~ = oo since we are considering the subset
{gi 1 qi #0,Viel} € NU {oo}.

Note that the poset of all ideals of a PID is not a geometric quantale. In particular, (N, -, C), where
a C biff b | a, is not a geometric quantale.

We choose such terminology to indicate that, under those conditions on Q, the function (—)~ :
0 — Idem(Q) is a strong geometric morphism of unital quantales, i.e. it preserves 1, © and arbitrary
sups. This coincides with the notion of a quantale (homo)morphism as defined e.g. in [22]. In [23,
Section 3.4], different notions of morphisms of quantales are studied and applied; the results therein
will be published in future work.

Moreover, we may construct geometric quantales from others geometric quantales:

PROPOSITION 7
The subclass of geometric quantales is closed under arbitrary products and interval construction.

PROOF. Given a family of quantales O = {Q; : i € I}, the cartesian product [ [,.; O; with component-

wise order is a geometric quantale.
It follows from the fact that (—)~ is component wise. Indeed,

(@); = \/ (i € ldem(Q) : ()i < ()i © (9)i}
=\ € ldem(Q) : pi < pi © q;,Vi € I)
= (\/ (@i € Idem(Q) : pi < pi ® q;,Vi € I});

= (q; )i-

Then

Vap; =\ @i=\@pi=\/ap -

jel jel jel Jjel
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10 On sheaves on semicartesian quantales and their truth values

We defined (—)~ as a supremum and verified it is the best lower idempotent approximation, in
the sense that ¢~ is the maximum of idempotents e such that e < ¢ (Proposition 2). Analogously,
we are tempted to define an operation (—)* as an infimum and obtain that g is the minimum
of idempotents e such that ¢ < e (or, possibly, ¢ =< e). To achieve this, we need double-
distributive quantales, which are quantales that satisfy the following additional distributive law,
for I # 0:

a® (\b)=/\@ob).
iel iel

Examples of double-distributive quantales are: locales; the extended half-line [0,00] and the
extended natural numbers N U {co}; a subclass of the quantales of ideals of a commutative and unital
ring that is closed under quotients and finite products and contains the principal ideal domains.
Besides, double-distributive quantales are closed under arbitrary products and interval construction.

For members u € Q these quantales Q, there is a more explicit construction of #~ as a transfinite
power u*, where « is an ordinal with cardinality < cardinality of Q.

PROPOSITION 8
Let O be a unital double distributive commutative and semicartesian quantale. Given g € Q, consider
the transfinite chain of powers (¢%)o>1 ordinal: q' = gq; q‘“‘l = q% © q; if y # 0 is a limit ordinal,
theng” := Ag_, q°

1. Itis a descending chain;

2. It stabilizes for some ordinal «, qﬁ = ¢* for each B > «, and o < successor(card(Q));

3. Moreover, if g% = ¢**!, then g~ = ¢*.

PROOF.

1. This follows directly by induction.

2. Suppose that the restriction of the descending chain to all ordinal y with 1 < § < o is a
strictly descending chain in Q. Thus, we have an injective function [1,a] — Q, § > ¢°. Since
card(a) = card([1,a]), we must have card(x) < card(Q), then & < successor(card(Q)).
Thus, in particular, there is a largest ordinal « such that (q‘s)]g;fa is a strictly descending
chain. Thus, ¢**! = ¢* and, by induction, ¢# = ¢ for each 8 > «.

3. Suppose that the transfinite descending chain stabilizes at o (i.e. ¢+ = ¢%). So ¢* = ¢* ©¢*
and ¢% = ¢*t! = ¢® ©® g and g% = g% © ¢*. Thus, ¢* is an idempotent such that g% < ¢
(in particular, g* < ¢7). On the other hand, for any idempotent p € QO such that p < ¢ (i.e.
p = pOq), we have, by induction p < ¢, for all ordinal 8 > 1: in the induction step for ordinal
limits, we have to use the hypothesis that O is double-distributive. So p = p © ¢* < ¢“. Thus,
q“ is the largest idempotent (in the orders < and <) such that ¢ < g. Then, by Proposition

2(6),97 =g~ O
Now, we are able to define an upper lower approximation:
DEFINITION 7

Let Q be a commutative and semicartesian quantale that is also unital and ‘double-distributive’. For
each ¢ € Q, define:

g =/ \lpeQ:g<qopt=\pecQ:q=p)
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On sheaves on semicartesian quantales and their truth values 11

LEMMA 1

If O is unital, semicartesian and double-distributive, then
L 1T =1,0"=0

q=q"

q=<q*

904t =¢q

g=q" ©q0q=¢q

NI R WD

g™ is the <-least y € O such that ¢ < y and is ®-idempotent (i.e.g =g O yand y Oy = ).
9. (@O bt <at Ob"

10 x <y=xt <yt & xt <yt
11. Let{g; :i €I} C Q, then

12. 77O Vierqi 2 g5

13. 4,0 Vierq; =g

14 (Vi) = Viait

15 (V90" <= Vgt

16. Suppose Q divisible, then

17. x <y=xT <yt

18. (Viqi)+ = Viqi+

PROOF. The proof follows the same spirit of Proposition 2. We just check the two properties that
require Q to be divisible:

15. Since Q is divisible, a < b implies there exist x € Q such thata = bOx. Thena™ = (bOx)* <
bt Oxt <bt.

16. The non-trivial inequality depends on the hypothesis of Q divisible: (\/;¢)" > \/,; ¢;". This
follows from (15) since ¢; < \/,¢i, then (¢))" < (\/;¢)™ and then, by sup property \/j(q;r) <
(Vign* O

3 Sheaves on quantales

We present sheaves on quantales as a functor that satisfies gluing properties, which are formally
expressed by an equalizer diagram. This is similar to the definition of sheaves on idempotent
quantales proposed in [2], but it is a completely different case since we are interested in semicartesian
quantales: if the quantale was idempotent and semicartesian we would obtain a locale, by
Proposition 1, and the theory of sheaves on locales is already well established.

From now on we always consider commutative semicartesian quantales, unless stated otherwise.

Remind that every quantale can be seen as a poset category O where the objects are elements of
0 and the morphism v — u is given by the order relation v < u.

DEFINITION 8
A presheaf on a quantale Q is a functor F : Q7 — Set.

Given u,v € Q such that v < u, we consider restriction maps p¥ : F(u) — F(v) and denote
oy (s) = sy, for any s € F(u). The functoriality of a presheaf F gives us:

1. Vue Qand Vs € F(u), s;, = s
2. Vw=<v<uinQandVs € F(u), s}, = (s1,)|,,
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12 On sheaves on semicartesian quantales and their truth values

We will freely manipulate the restriction maps using the above notation.
Before we present the definition of sheaves on quantales, we recall the correspondent definition
for a locale L.

DEFINITION 9

A presheaf F : L% — Set is a sheaf if for any cover u = \/ u;, of any element u € L, the following
iel
diagram is an equalizer
p

e
Fu) — [[Fuw) —= [] Fuinu,
iel q  GpelxI

where

e =1t : iell, p(tkeD) = (i, Jiperxi

q(Wke) = (1., VGperx-

REMARK 6
The cover u = \/ u; in L is a cover in the sense of a Grothendieck pretopology. If £ = O(X) is the

iel
locale of open sets of a topological space, it is immediate how to obtain the usual notion of a sheaf
on a topological space X from the above definition. We will further explore this remark later.

Our approach to define a sheaf on a commutative and semicartesian quantale is simple: we replace
the meet operation A by the multiplication © of the quantale.

DEFINITION 10

A presheaf F : Q7 — Set is a sheaf if for any cover u = \/ u; of any element u € Q, the following
iel
diagram is an equalizer:
p

e
Fu) — [[Fuw) —= [] FwiOu,
iel g Gpelx]
where
e) =1t : iell, p(tke) = (i, o, Vijerx
q((tker) = (l_/'“,iOuj)(i,j)elxl-
REMARK 7

The cover u = \/ u; in Q is not a cover in the sense of a Grothendieck pretopology. If O = Z(R)

iel
is the quantale of ideals of a commutative ring with unity R, we may mimic the sheaf theory of a
topological space but for a ring.

Observe that the maps F'(u;) — F(u; O uj) exist because u; © u; always is less or equal to »; and
u;, for all i,j € I. This is where we use the semicartesianity.

We write, respectively, PSh(Q) and Sh(Q) for the categories of presheaves and sheaves on
0O, where the objects are, respectively, presheaves and sheaves, and the morphisms are natural
transformations between them.
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On sheaves on semicartesian quantales and their truth values 13

REMARK 8§
The category of sheaves Sh(Q) is a full subcategory of the category of presheaves PSh(Q), i.e. the
inclusion functor i : Sh(Q) — PSh(Q) is full.

Now we develop the firsts steps toward a sheaf theory on quantales, following the presentation of
[7] in the case of locales.
Let F be a presheaf on Q.

DEFINITION 11
Let (u;)ic; be a family of elements of Q0. We say a family (s; € F(u;));e; of elements of F is
compatible if for all i,j € [ we have

Si =S .
! F“iouj J ruiOuj

DEFINITION 12
We say a presheaf F is separated if, given u = \/ »; in Q and s, 5" € F(u), we have
iel

(Vie Isy, = s’[ui) = (s=J5).

Using compatible families we equivalently define:

DEFINITION 13
Letu = \/ u; in Q and (s; € F(4;))ie; @ compatible family in F, we say the presheaf F is a sheaf if
iel

exists a unique element s € F'(u) (called the gluing of the family) such that s}, = s;, forall i € 1.

It is a straightforward exercise in category theory to show that the definitions 10 and 13 are
equivalent.

Next we provide a list of results that have exact the same proof as in the case of sheaves on locales.
See Lemmas 2.1.5, 2.1.6, 2.1.7 and 2.1.8 in [7].

PROPOSITION 9
Let F be a presheaf on Q.

1. Fis a sheaf iff F is a separated presheaf and given u = \/ u; in Q, every compatible family

iel
(s; € F(u;))ier can be glued into an element s € F'(u) such that Sty = Sis foralli e .
2. If F is separated, F'(0) has at most one element. If F' is a sheaf, F'(0) has exactly one element.
3. Ifu =\ ujin Qands € F(u), then the family (s, ), is compatible.
iel
4. Let F be a sheafon Q and {u; € Q : i € I} apartition of u. Then F(u) = [] F(u;).
iel
The following constructions provide sheaves over a quantale Q from a sheaf over Q and any u € Q.

PROPOSITION 10
Let F be a sheaf on a quantale Q and u € Q. For each w < v, consider:

F@), ifv<u
@, otherwise,

v = i
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14 On sheaves on semicartesian quantales and their truth values

Fi (w <) Fw=<v):F(v) > F(w), ifw<v<u
w<v)=
27 = 110 — Fp,(w), ifw=<v£u,

is a sheaf’

PROOF. It is clear that F}, is a presheaf. Consider v = \/v; in O, and 5,5' € F}, (v) such that
iel

Sy ZS/F ,Viel

If v < u, thens,s € F(v) = F},(v). Since F is a sheaf, it is separated so s = . If v &£ u, then
s, s € ¥ and there is nothing to do. Thus, F}, is a separated presheaf.
Now consider (s; € F},(vi))ies a compatible family. Suppose F,(v;) = ¥ for some i € /. For

such i € I, there is no s; in F,(v;), then, there is j € I such that Sity o # St o In other words,
1OU) 1Ouj

the family is not compatible. This implies F},(v;) = F(v;), for all i € I. So v; < u, which means
\/ vi = v < u. Therefore, F},(v) = F(v).

iel
Since F' is a sheaf, we conclude the compatible family (s; € F},(v;))ies can be glued into s €
F},(v;) such that St Vi € I. By Proposition 9, F'}, is a sheaf. O

PROPOSITION 11
Let F be a sheaf on a quantale Q and u € Q. For each w < v, the following presheaf* is a sheaf:

FOW) :=Fuov)
FOW<v):=FuoOw<u®w)

PROOF. It is clear that F® is a presheaf, since F is a sheaf and w < v in Q implies that (u ©® w) <
o).

Note that if v =\/;vithenu © v = \/,;(u © v;) is a cover.

Take a family (s;) € F® (v;) = F(u © v;), such that

F(u@vi(va§uOvi)(si):F(u@vi(vaquvj)(sj) EF(HOV,’@Vj)ViG]

Since u O v; Ou O v; < u®v; ©v;, we have thats; € F(v; O u) is a compatible family for F. Since
F is a sheaf, there is a unique gluing s € F(u © v) = F® (v) for the family (s;);c7. O

EXAMPLE 6
The functor Q(—, v) is a sheaf, for every fixed v € Q.
Recall that Q(—,v) is the functor Homg(—,v) so it is a presheaf, where if w < u, then we send
the unique element {(x# < v)} in Q(u, v) to the unique element {(w < v)} in Q(w, v).
Observe that we have two cases:
1. Suppose u < v: since u; < u, for all i € I, we have that u; < v, for alli € I. Take s; = (u; —
v) € O(u;,v), since u; © u; < u;, u;, forall i,j € I,

Si o = (u; © uj — V) = Sj o

3Notethach =Fandifu' <ueQ, thenFrur ) :Ffu/'
u
“Note that F) = Fand if o, u € O, then (F@)) = p'oun,
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On sheaves on semicartesian quantales and their truth values 15

So (s;)ier is a compatible family. To conclude Q(u,v) is a sheaf, take the only element s =
(u — v) € O(u,v) and observe that Sty = (u; > v)y =s;, foralli e l.

2. Suppose u f viifu; < v, foralli € I, by definition of supremum, \/;.; #; < v, which is not
possible. So there is at least one i € I (if I # @) such that u; jé v. Thus, Q(u, v) and Q(u;,v)
are empty sets, for such an i € /. Then the sheaf condition is vacuously true.

3. IfI = @, then \/ u; = 0 and Q(0, v) fits in the first case since 0 < v.
i€ef

PROPOSITION 12
Construction of sheaves.

1. Let (Q))jes be a family of commutative and semicartesian quantales and (£})ec; be a family

of sheaves, Fj : Q;p — Set, for each j € J. Then: ]_[je ; Oj is a commutative semicartesian

quantal; a family {(l/lji»)jej i e l}isacoverof (u))jes € ]_[jej Q;iffforeachj € J, {u} ciel}is
a cover of u; € Oj; and ]_[jEJFj : (HJEJ 0))% — Set given by (HJEJ Fj)(u))jes = HJEJ Fi(uj)
is a sheaf with the restriction maps defined component-wise from each F;.

2. Let F : O — Set be a sheaf on the commutative and semicartesian quantale Q. Lete,a € Q,
e < a, ¢ = e and consider Q' = [e, a], the (commutative and semicartesian) ‘subquantal’ of
Q. Then F' : QP — Set defined by F'(u) = F(u), if u # e and F’'(e) = {*}, with non-trivial
restriction maps F'(v) — F'(u) = F(v) — F(u), ife < v < u, is a sheaf.

PROOF.

1. Straightforward.

2. Letu = \/;c;uibeacoverin @', and (s; € F'(u;))es a compatible family. Since F” (1;) = F(u;)
and the restriction maps for F’ are restriction maps for F, we have that (s; € F(u;))ics @
compatible family. Since F is a sheaf, there is a unique gluing s € F(u) = F'(u). So F' is a
sheaf. 0

Next we introduce a concrete example of a sheaf.

EXAMPLE 7

Take O = ([0, 00], +, >) the extended half-line quantale. Let (X, d) be an (extended) metric space.
For each A C X and each r € [0, oo] consider balls F4(r) = B,(A) = {x € X : d(x,A) < r}. Note
that s > r entails B, (4) € Bs(4) and, in the obvious way F4 : [0, 00] — Set became a presheaf over
the quantale O where F4((s > 7)) : F4(r) < F4(s) is the inclusion. Moreover, this is a sheaf, since
if r = ;s si in [0, 00], then the diagram below is an equalizer

ByA) - [[Bs@) =[] Bsivy @
i ij
for non-empty coverings. However, if I = ), then r = A,.;s; = oo. Therefore, Bs(A) is not
single element (i.e. is not the terminal object in Set). This means that the sheaf condition fails when
I = . To surpass this, we maintain our definition B,(4) for all » € [0, oo) but for » = co we define
By (A4) = {x}. For any s > r, the restrictions map is the identity map on {x}.

Now we prove categorical properties of SZ(Q) that are classic results in the localic case. We start
with a list of statements whose verification follows exact the same steps of the localic case. See [7,
Chapter 2] for details.
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On sheaves on semicartesian quantales and their truth values

PROPOSITION 13
We have that:

1.
2.

The subcategory Sh(Q) — Set€” is closed under limits;
Sh(Q) has a terminal object, the (essentially unique) presheaf such card(1(u)) = 1, for each
u € Q. Moreover, if Q is unital, then Q(—, 1) = 1,

. A monomorphism between sheaves n : F »— G is just a monomorphism between their

underlying presheaves (and they are monomorphism if and only if 1, : F(u) — G(u) is
injective, for each u € Q);

Every morphism n : Q(—,v) — F, where F is a (pre)sheaf is, automatically, a monomorphism;
The family of representable sheaves Q(—, u), indexed by elements of Q, is a set of generators
for Sh(Q).

PROPOSITION 14
We have that:

1.

For each v,V € Q, there is at most one (mono)morphism Q(—,v) — Q(—,V') and this exists
precisely when v < v/,

2. If H is a sheaf and € : H — Q(—,v) is a monomorphism, then H = Q(—,h) where
h=\{u<v:Hu) #%}.
PROOF.
1. For each u,v € Q, note that card(Q(u,v)) € {0, 1}.

Suppose there is a morphism 1 : Q(—,v) — Q(—,V). So, forallu € Q we have n,, : Q(u,v) —
O, V). If Q(u,v') = ¥, then Q(u,v) = @. Thus, if u < v, then u < V. In particular, for u = v,
we obtain v < V.

Conversely, if v < V/, consider i,y : Q(—,v) — Q(—,V). For all u € Q, we have i,/ () :
O, v) — O, V).

Ifu jé v, then O(u,v) = ¥ and i, (u) : § — O(u,V') the unique function from the ¢, since the
¢ is an initial object in Set.

Ifu < v, sincev <V, u <V and then i,y (u)(u < v) = (u < V). For any other morphism
Jvy : O(—,v) = O(—,V), we obtain that j, (1) : @ — O(u,V') the unique function from the
@, whenever u £ v and j, v (u)(u < v) = (u < V'), whenever u < v. S0 i,y = jy,,/.

. Since € is a monomophism, €, is injective and then card(H (u)) € {0, 1} for each u € Q with

H(u) = ¥ whenever u £ v. So let

h=\/{u<v:H@w #0) = \/{ueQ: Huw) # ).

We will show that H () is non-empty only when «# < v. Note that:

-Ifg < pand H(p) # ¥, then H(g) # ¥ (since H is a presheaf);

- Since card(H(h)) = 1, we have H(h) # . Once H(p),H(q) # @ entails Hp © q) # 0,
by the sheaf condition we have an equalizer diagram between two parallel arrows where the
source and target are both singletons.

Therefore, H (1) # ¥ iffu < h. Now, we will show that H (1) — O(u, &) is a (unique) bijection,
for eachu € Q.

Ifu & h,then ¥ = H(u) — O(u,h) = . If u < h, then H () and O(u, h) are both singletons.
So €, is an injection and a surjection in Set, therefore, a bijection for all # € Q and then € is an
isomorphism. O]
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4 Sh(Q) is not a topos

We remind the reader that a Grothendieck topos is any category equivalent to the category SAa(C,J)
of sheaves on a category C with a Grothendieck (pre)topology J. The pair (C,J) is called a site. In
particular, Sh(L) is a Grothendieck topos where C = L is the poset category by the locale L and
we define the Grothendieck pretopology by {fi : Ui — U} € J(U) <= u = \/;.; u;. However,
ifu = \/;c;ui and v < U for u,u;,v in a semicartesian quantale, we may have v # u Q v =
V ies 4i © v. This means that the stability axiom in the definition of a Grothendieck pretolopogy is
not satisfied in the quantalic case. Nevertheless, there could exist another site to provide that S#(Q)
is a Grothendieck topos.

In this section, we study deeper categorial properties that make Si(Q) even more similar to a
Grothendieck topos, but we also show that it is not a Grothendieck topos. The argument relies on the
fact that every Grothendieck topos is an elementary topos—cartesian closed category with pullbacks,
a terminal object and a subobject classifier. It is well known that if 4 is an object of a topos &£, then
Subg (A) is a Heyting Algebra® [7, Proposition 6.2.1]. We will prove that Subsp0)(Q(—,a)) = [0,a]
is an isomorphism of quantales. Since [0, a] is not a Heyting Algebra in general when a is not an
idempotent element, then S#(Q) is not a topos.

The first property we want for Sh(Q) is that it has a set (G;);c; of strong generators. Remind that:

DEFINITION 14
[6, Definition 5.2.1] A category M is locally A-presentable, for a regular cardinal A, when

1. M is cocomplete;
2. M has a set (G;);es of strong generators;
3. each generator G; is A-presentable.

It is known that any Grothendieck topos is a A-locally presentable category for some regular
cardinal X [7, Proposition 3.4.16]. We were able to show that Sh(Q) also is A-locally presentable,
where A = max{card(Q)™, ¢}, but we will let a detailed proof about this for a future paper. We do
sketch the argument for the reader used with the terminology: use y to denote the Yoneda embedding

and consider a covering {u; : i € I}. The Day convolution gives a monoidal structure in PSA(Q) such
i ik

. 2 .
that we have ‘projections’ y(u;) ® y(uy) LN y(u;) and y(u;) ® y(ui) SEN y(ug). Since u; < u, for

each i € [ there is an arrow y(u;) ﬂ) y(u). Denote by y(u;) ® y(uy) the equalizer of ¢; o p’ik and
y(w)

ok o pék. Thus, we define a sieve S({u;}) of a covering {u; : i € I} as the following coequalizer in
PSh(Q):

[y ® yup) —= [yw) — S{u;})
Jik y(u) i

with the coproduct on the left being taken over y(u;) ® y(ur) — y(u) ® y(ur) = y(u; © u)).
)] ’ ’
Then we orthogonalize the class of morphism {S({#;}) — y(u) : u = \/ u;} and observe that

iel
such orthogonalization corresponds to the category of sheaves on Q. This shows that Sh(Q) is a
A-orthogonality class in PSA(Q). By the Theorem 1.39 of [1], we conclude

5The class of complete Heyting algebras and of locales coincide.
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18  On sheaves on semicartesian quantales and their truth values

COROLLARY 1

Sh(Q) is:
1. areflective subcategory of PSh(Q) closed under A-directed colimits,
2. locally A-presentable

The first item provides that the inclusion functor i : SA(Q) — PSh(Q) has a left adjoint functor
a : PSh(Q) — Sh(Q), which we will call sheafification functor. The second item provides that
Sh(Q) has a set of strong generators.

First, we use the sheafification to show that S#(Q) admits a monoidal (closed) structure. We will
use the notions of normal reflective embedding and normal enrichment for a reflective embedding.
The definitions are available at [9], but we reproduce they here with a different notation:

DEFINITION 15
Let ¥ 4 ¢ : D — B be an adjoint pair.

1. ¥ - ¢ is areflective embedding if ¢ is full and faithful on morphism.

2. When B has a fixed monoidal closed structure the reflective embedding is called normal if
there exists a monoidal closed structure on D and monoidal functor structures on ¥ and ¢ for
which ¢ is a normal closed functor and the unit and counit of the adjunction are monoidal
natural transformations.

Given that B is a category with a fixed monoidal structure, by saying that a reflective embedding
Y = ¢ : D — Badmits a normal enrichment we mean that there are conditions for ¢ — ¢ be normal.
In particular, the functor i carries the monoidal structure from B to C in a compatible and unique
(up to monoidal isomorphism) way, see [9] for details. Also, the reader may find the definition of a
normal closed functor in [4] or be satisfied by statement that the inclusion functor is a normal closed
functor. Then we state Proposition 1.1 in [9], with a different notation.

PROPOSITION 15

Let C = (C,®,I) be a small monoidal category. A reflective embedding v - ¢ : D — PSh(C)
admits normal enrichment if and only if the functor F(U ® —) is isomorphic to some object in D
whenever F is a object of D and U is an object of C.

PROPOSITION 16
The sheafification admits normal enrichment.

PROOF. In this case, C = Q is the posetal category of quantales. By Proposition 11, the functor
F(u © —) is a sheaf for every u € O, whenever F is a sheaf. By Proposition 15, the reflective
embedding a - 7 admits a normal enrichment. d

Monoidal structure in Si(Q): The above result gives that SA(Q) has a monoidal closed structure
where F' ® G 1= a(i(F) ®pay i(G)), for F, G sheaves on Q.
Now, we state two results from Borceux to obtain more information about S (Q):

PROPOSITION 17
[5, Proposition 4.5.15] If C has finite limits and possesses a strong set of generators, so C is well-
powered (i.e. for all C object of C, the subobjects Sub(C) of C forms a set).

PROPOSITION 18
[5, Corollary 4.2.5] In a complete and well-powered category, Sub(C) has all infima/intersections
and suprema/unions.
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COROLLARY 2
Sh(Q) is a complete and well-powered category, and for all F sheaf on Q, Sub(F) has all
infima/intersections and suprema/unions.

COROLLARY 3
Factorization of morphisms in Sk (Q):

For each morphism ¢ : F — G in Sh(Q), there exists the least subobject of G, represented by
t: G' — G, such that ¢ = ¢ o ¢’ for some (and thus, unique) morphism ¢’ : F — G’. Moreover, ¢’
is an epimorphism.

PROOF. By the previous results, there exists the extremal factorization above ¢ = ¢ o ¢/, such that
t : G — G is a mono. To show that ¢’ : F — G’ is an epi, consider n,¢ : G' — H such that
no¢ =eo¢ andlety : H ~— G’ be the equalizer of 5, €. Then, by the universal property of y,
there exists a unique ¢” : F — H’ such that y o ¢” = ¢’. On the other hand, by the extremality
of ¢, there exists a unique y’ : G’ — H' such that t = 1 o y o y’. Since ¢ is a mono, we obtain that
y oy’ = idg. Thus, y is a mono that is a retraction: this means that y = eq(n, €) is an iso, i.e.
€ = 1. Thus ¢’ is an epi. |

REMARK 9

Keeping the notation above, if ¢ : F — G is already a mono then, by the extremality of ¢t : G’ — G,
¢ = tand thus ¢’ : F — G’ is an isomorphism. It is natural to ask ourselves if the converse holds in
general. Conversely, does it hold that any morphism that is mono and epi is an iso? This would mean
that the category Sh(Q) is balanced.

Any category with factorizations (extremal mono, epi) and where all the monos are regular (i.e.
monos are equalizers) is balanced. A ‘topos-theoretic’ way to show that all monos are regular is
to show that there exists a ‘universal mono’ frue : 1 ~— £2 that is a subobjects classifier. We will
address this question in the next section.

THEOREM 1
Assume that Q is unital. We have the following isomorphisms of complete lattices:

ho: Q — Represented(Sh(Q))
g 0(—.q)
ig: Represented(Sh(Q)) — Representable(Sh(Q)) /isos
O(—,q) = [O(—=, D ]liso

Jo: Representable(Sh(Q))/isos — Sub(1)
[Rliso = [R= 0(—,q9) — O(=, 1) = 1]i50.

Thus, kg = jo o ig o hg : Q — Sub(1) is an isomorphism of complete lattices.
More generally, take any a € O, we may amend the map kg in a way that it sends b € [0, a] to
[O(—, b) — O(—,a)]iso, then we obtain a quantalic isomorphism %, : [0, a] — Sub(Q(—, a)).

PROOF. We will just show that hg,igp,jo are isomorphisms of posets, and, since Q is a complete
lattice, then kg, ip, jo are complete lattices isomorphisms.

hg is isomorphism: By the very definition of represented functor, the map 4 is surjective. For
injectivity see that O(—, q) = Q(—,p) implies that Q(u,q) = QO(u,p), forallu € Q, and sop = q.
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20  On sheaves on semicartesian quantales and their truth values

Yoneda’s lemma and Proposition 14.1 establishes that it preserves and reflects order since p < ¢ iff
there is some (unique) (mono)morphism 5 : Q(—,p) — O(—, q).

ig is isomorphism: Since it is a quotient map, it is surjective. ig is injective: by Proposition 14.2,
O(—,p) = O(—,q) implies p = ¢ and thus O(—,p) = O(—,q). The map preserves and reflects
order: this is a direct consequence of Proposition 14.1.

Jo is isomorphism: Since !: Q(—,1) — 1 is an isomorphism, we will just prove that
j’Q: Representable(Sh(Q))/isos — Sub(Q(—,1)) [Rliso — [R = O(—,q) — O(—, D]iso is an
isomorphism. By the very definition of Sub(F) = Mono(F)/isos, it is clearly injective. Take
n : R — Q(—,1), by Proposition 14.1, R = O(—,q), thus j’Q is surjective. Now let R and R’ be
representable functors, there is a morphism 1 : R — R’ iff this morphism is unique and it is a
monomorphism, thus j’Q preserves and reflects order. O

DEFINITION 16

For each F' sheaf on Q, we define the following binary operation on Sub(F): Given ¢; : F; — F,
i = 0,1 define ¢g * ¢ : Fo x F1 — F as the mono in the extremal factorization of Fy ®p F| —
Fo® F1 =3 F.

THEOREM 2

For each a € Q, the poset Sub(Q(—,a)), endowed with the binary operation * defined above
is a commutative and semicartesian quantale. Moreover, the poset isomorphism &, : [0,a] —
Sub(Q(—,a)), g — [O(—, q)]iso, established in Theorem 1, is a quantale isomorphism.

PROOF. As a consequence of the proof of Theorem 1, this map is well-defined, bijective and
preserves and reflects orders; thus, it is a complete lattice isomorphism. It remains to show that
O(—,u®v) Z 0(—,u) * Q(—,v), for all u,v < a. We have that O(—, u) * O(—,v) — Q(—,a) is the
mono in the extremal factorization of the arrow

O(—, 1) ®(—a) O(—,v) =5 O(—,u) ® O(—,v) =3 O(—, a).

By Day convolution,

O(—u) ® O(—,v) = 0(—,uOv).

Since u ©® v < a, by Proposition 14, there is unique (mono)morphism Q(—,u © v) — Q(—,a).
So O(—,u) ® Q(—,v) = O(—, a) corresponds to O(—,u © v) = Q(—, a). Thus, the parallel arrows
coincide and then

O(—,u) ®g(—a) O(—,v) = 0(—, 1) @ O(—,v) = O(—,u®v).

Hence, the arrow

O(—,u) ®(—a) O(—,v) = O(—,a)

is isomorphic with the unique mono
O(—,u©v) — 0(—,a).
This shows that O(—,u © v) = Q(—, u) * Q(—,v), as we wish. O

This has an interesting direct application:
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COROLLARY 4
Let Q be the quantale of ideals of a ring R, then Q is isomorphic to Sub(Q(—, R)).

So we can recover any ideal of R by analysing the subobjects of the sheaf O(—, R).

Summarizing this section: Take any commutative, semicartesian and unital quantale Q that is not
a locale (= complete Heyting algebra)—there are plenty of such quantales—and consider the sheaf
1 = QO(—, 1). By the Theorems 1 and 2, Sub(Q(—, 1)) = Sub(1) is isomorphic to Q as a quantale.
Since Q is not a locale, then Sub(1) is not a Heyting algebra. Therefore, from a well-known result in
topos theory, we can conclude that Si(Q) is not even an elementary topos.

5 On the subobject classifier

The subobject classifier in a category may be seen as it internal truth values object. By definition,
every elementary topos has a subobject classifier and we use it to construct the internal logic of
a topos. In the category on sheaves on a locale L, the subobject classifier is the sheaf 2(u) =
{g € L :q < u}suchthat forallv < u, wemapgtogAv,and T : 1 — £ defined by
T, (x) := uis the “universal subobject’. Thus, for every F' sheaf on L, we have a natural isomorphism
nr . Sub(F) — Sh(L)(F, $§2) that sends equivalence class of monos m : S — F to its unique
characteristic map x,, : £ — £2 (the proof of [16, Proposition 1, Chapter 1.3] verifies that nr is a
natural iso). In particular, SA(L)(1, £2) = Sub(1) = L explains how 2, which is the ‘internal truth
values object’ of Sh(L), encodes the ‘external truth values’ of Sh(L), the locale L = Sub(1).

For general semicartesian and commutative quantales, just replacing the infimum by the quantalic
multiplication does not yields a sheaf. Here we present two constructions—$2~ and £2+—that
provide approaches of a subobject classifier in SA(Q), in different subclasses of commutative
semicartesian quantales, and pointing advantages and drawbacks of each one.

PROPOSITION 19
Let O be a commutative, semicartesian and geometric quantale. For each u € Q define 2~ (u) =
{g € O : q ©u~ = g} then, with the restriction map

2 (w) = 27w
g = q0v
forallv < uin Q, £2 is a sheaf.

PROOF. Note that g O v~ € £27 (v) sinceg Ov™ ©Ov™ = gOv~. Itis a presheaf because g Ou~ = ¢
and, given w < v < u,g ©@v- Ow~ = g © w. The separability also holds: suppose u = \/;; u;
and take p,q € £27 (1) such thatprul_ =gq, foralli e l. Then

uj

p=p®u’=p®(\/ui)7=p®\/ul~_=\/p®ui_

iel iel iel
=\Vqou =qo0\/u; =qgo(\/w)~ =qou”
iel iel iel
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22 On sheaves on semicartesian quantales and their truth values

The gluing is ¢ = \/,;; g, Where ¢; € 27 (u;) for each i € 1. Observe that ¢ € £27 (u):

q@u_=\/qi®(\/uj)_=\/Cli@\/”j_Z\/‘Ii@”i_@\/”j_z\/qizq’

iel Jjel iel Jel iel Jel iel
where we used that the quantale is geometric in the second equality, the fact g; € 27 (;) in the third
and the idempotence of u;  in the forth.

Now we check that ¢ is the gluing. On the one hand,

qj=qj®uj7§q®uj~_=q[llj,.

On the other hand, recording that (u ® v)™ = (4~ © v™) by Proposition 2.10,

i, =a0u =\ aou =\ @ou)=\@Gouy ou)

iel iel iel
= \/(ql OO u])_) = \/ qiht,*@uj = \/ quu,‘@uj
iel iel iel
= \/(qj OWou) )= \/(qj Qu; Qu;) = (\/ u; ) © g Ou;
iel iel iel
= (\/uiY Ogi=u 0gj =g
iel

REMARK 10

1. The mapping Q > 2~ preserves products and interval constructions (see Proposition 12).

2. Note that for each v,u € Q, such that v-— = u~, then 27 (v) = 27 (u). In particular, if
u” <v =< u,then 27 (v) = 27 (u) and, moreover, 2~ (u™,v) = 2~ (v,u) = idg-().

3. Foreachu e Q,let L,, T, : 1(u) - 2~ (u), where L, (x) :=0¢€ 2~ (u) and T,(x) :=u~ €
27 (u). Then 1, T : 1 — §2~ are natural transformations.

4. Foreachu € Q and v € 27 (u), we have v~ € £27 (u): this defines a map —, : 27 (v) —
27 (u), Then ()™ := (—yuep : 2~ — §27 is a natural transformationand T~ := ()" o T =
T,1L7:=() "ol =1

5.IfQisalocale,then 2 (u) ={ge€ Q : qOu =q}={q€ QO : g <u} = 2(u), and
Tu(*) =u~ = u. Thus, T : 1 — £~ coincides with the subobject classifier in the category
of sheaves on locales [7, Theorem 2.3.2]. We will readdress this subject bellow.

Our investigations did not lead to £2~ being a subobjects classifier, but it does classifies the dense
subobjects:

DEFINITION 17
A morphism of sheaves n : G — F is dense whenever Yu € OQVy € F(u)Im € Q,u~ < m < u such
that F(m < u)(y) € range(ny,) iff y € range(n,)

Note that, since m < u, y € range(n,) — F(m < u)(y) € range(n;,).
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1R

It can be easily verified that a sufficient condition to a morphism of sheaves n : G — F be a
dense is: Yu € O3m € Q,u~ < m < u such that the diagram below is a pullback:

Gw) — > Fu)

G(m=<u) l l F(m=u)

G(m) —— F(m)
Nm

EXAMPLE 8§
(Dense morphisms)

1. Every isomorphism 1 : G = F is a dense (mono)morphism.

2. Ifapointmw : 1 — FissuchthatVu € OQIm € Q,u™ <m < u,F(m < u) : F(u) - F(m) is
bijective, then w : 1 — F is a dense monomorphism. In particular, every pointw : 1 — 27
is a dense monomorphism.

3. Leta,be Q.1fb < a,letn : O(—,b) - O(—, a) be the unique monomorphism (an inclusion,
in fact). Then 7 is a dense monomorphism iff Vu € QVy € [u,a]dm € Q,u™ <m < u,(y €
[m,b] < y € [u,b]); therefore, taking m = u, we have that Q(—,b) — O(—,a) is a dense
inclusion.

We register the following (straightforward) result:

PROPOSITION 20
A pullback of a dense (mono)morphism in Si(Q) is a dense (mono)morphism.

THEOREM 3
Suppose that O is a (commutative, semicartesian and) geometric quantale. Then the sheaf £2~
introduced in Proposition 19 essentially classifies the dense subobject in the category Sh(Q). More
precisely:
I. T:1— 27 ,givenby T, : {x} > 27 (u), T,(*) = u~ determines a dense monomorphism
in SA(Q).
2. For each dense monomorphism of sheaves m : § — F, there is a unique morphism x™ :
F — £27, such that x,;, = xu, and such the diagram below is a pullback. Moreover, for each
morphisms ¢, ¢’ : F — 2~ that determine pullback diagrams, it holds: ¢~ = ¢'~.

PROOF.

1. Since u~ is an idempotent, then ¥~ € 27 (u) (in fact, u= = max$2~ (u)). If v < u then, by
Proposition 2.9) v- ©u~ =v~,thus T = (T,),ep is a natural transformation. By Proposition
13.4, it is clear that T is a monomorphism of sheaves. In Example 8 item 2, we argued that T
is dense.

2. First note that since T is a dense monomorphism, it follows from Proposition 20 that the
pullback of a morphism ¢ : F — 27 through T must be a dense monomorphismm : S — F.
Now, note that it is enough establish the result for dense subsheaves ig : S < F. We will split
the proof in two parts, but first we will provide some relevant definitions and calculations.
For each u € Q and y € F(u), define:

Gou) :={ve 2 W Fv=u)(y) € SM}
uy =\ (v, u).
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24 On sheaves on semicartesian quantales and their truth values

(@Ifv,we 2 (w)andw < v, thenv € (y,u) = w € (y,u): S is a subpresheaf of F. In
particular, if v € (y,u), then v~ € (y,u), since ()~ : 2~ — §27 natural transformation, and
v <

(b) If {v; 1 i € I} € (y,u), then \/,; v; € (y,u): since §£2~ (u) is closed under suprema and S is a
subsheaf of F.

(c) uy € (v,u) (by (b)) and u;; € (y,u) (by (a)). Thus:

u, = max(y,u) and u, = max((y,u) N Idem(Q)).

(d) u, = Ve € Idem(Q) : v,y < u",e = v ,F(v < u)(y) € S(v)}, since Q is a
geometric quantale, we have u; = Vve 7w : Fv < w@®) € SMH™ = Vv
ve 2w, Fiv<u@) e S}

Candidate and uniqueness: Suppose that ¢ : FF — £27 is a natural transformation such that the
diagram below is a pullback (where S is dense subsheaf of F').

sEFlo-Llisg
Note that if u~ < m < u then, by naturality, ¢,,(F(m < u)(y)) = ¢,(y) Om™ = ¢,(y) Qu~ =
$u ).
Claim (i): It holds that u, < ¢u(y) < uy. Moreover, if ¢,(y) € Idem(Q), then ¢,(y) = u, .
Since the diagram is a pullback and limits in Sk(Q) are pointwise (see Proposition 13.1), then
foreachw € Q:

x e Sw) & x e F(w) and ¢,,(x) = w™.
Thus, if v < u is such that F(v < u)(y) € S(v), then by naturality:
Vi =g(F(v=uw)(®) =du() Ov .

Note that u, < u~ < uand u, € (y,u), thus u, = & () © u, and u, < & ().

By naturality: ¢g, ) (F(¢u(»), 1) (1)) = ¢u(») © ¢u ()™ = Pu(¥) ™

$u) € (ou): since ¢,() € 27 () and ) (F(@u(»), 1)) = ¢u()~ then, by the
pullback condition, we have that F'(¢,(y), u)(y)) € S(¢,(»)), thus ¢, (y) € (y,u).

éu(y) < uy: since ¢, (u) € (y,u) and u, = max(y,u).

ou(y) = uy whenever ¢,(v) € Idem(Q): this holds because we have established above that
du(y) € (v, u), u, < ¢u(») < u, and because u, = max((y,u) N Idem(Q)).

Thus, if ¢, () € ldem(Q), then ¢y, ) (F(bu (), )(1)) = du(y) = u; .

Claim (ii): If ¢ : F — §2~ determines a pullback diagram, then ¢~ = ()~ o ¢ still determines
a pullback. This holds because x € S(w) iff (x € F(w) and ¢, (x) =w™ = (W)™ = ¢,, (x)).
Combining Claim (ii) and Claim (i), ¢, (v) = u,, for each u € Q and y € F(u), establishing
the required uniqueness assertions.

Existence: For each u € Q and y € F(u), define X[f(y) =uy. Then (X,f)ueQ is a natural
transformation and it determines a pullback diagram.

First, we will verify that ( XMS)MEQ is a natural transformation. Let u,v € O be such thatv < u
and let y € F'(u). We have to show that:

WFEy<wm) =xSomov.
This means:

max(Idem(Q) N (F(v < uw)(y),v)) = v~ © max(ldem(Q) N (y, u)).
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On the one hand, note that v Qu, =v- Omax(ldem(Q)N(y,u)) = v- OV (Idem(Q)N{y,u)) =
Vv 0e:e? =e=edu,F(e < u)(y) € S(e)}. Denoting ¢’ := V™ Ou,, we have 2= =
dov and F(e <W(FW <u)(y)) € S(€),thuse =v~ O u, € ldem(Q) N (F(v < u)(y),v)
and then

max(Idem(Q) N (F(v < u)(y),v)) > v~ © max(ldem(Q) N (y, u)).

On the another hand, denote ¢’ = max(Idem(Q) N (F(v < u)(y),v)). Then, ¢”? = ¢’ =
¢ Ov and F(¢' < W(F < u)y)) € S(”). Then, ¢’ € Idem(Q),¢" < v~ < u~ and
¢’ € (y,u). Thus, ¢’ € Idem(Q) and ¢’ < v™,u, . Then, =0 <v O u,, ie.
max(ldem(Q) N (F(v < u)(y),v)) < v~ © max(Idem(Q) N (y,u)).

Now we show that the pullback condition holds for each u € O:

yveSwu) & (ye F(uw) and u™ =Xus(y) =1u,).

On one hand, let y € S(u), then y € F(u) and u~ € £27 (u) is such that F(u~ < u)(y) € S(u™),
since S is a subpresheaf of F. Then u~ € Idem(Q) N (y,u). Thus, by (b), u™ =< u;". On the

other hand u, € 27 (u), thus u, <u. Summing up: x5 o) = u, =u .
On the another hand, let y € F(u) be such that u~ = x,f(y) = u, . Then u™ = max({y,u) N
Idem(Q)). Therefore, F(u~ < u)(y) € S(u™) and, since is : S < F is a dense inclusion, we

have y € S(u). 0

Using (—)7 instead of (—)~, we actually obtain a subobject classifier, T : 1 — 27, but this
requires extra conditions on Q. Thus, similar to the localic case, there is a pair of inverse bijections
Sh(Q)(F, 2%) = Sub(F), that are natural in F. In particular, S/(Q)(1, 2F) = Sub(1) = Q explains
how the ‘internal truth values object’ of S#(Q), 2T, encodes the ‘external truth values’ of Sk(Q),
the quantale Q = Sub(1).

We construct it as follows.

Let Q be a unital, commutative, semicartesian and double distributive quantale.

(a) For each u € Q, define

QYW :={geQ:q"Qu=q}={g€Q:¢q" Ou=<qgandg < u}.

(b) Note that:

0 0 = min(21 (), u = max(2 (u)).

e 2tw)={q€0:q" Ou<qandg < u}.

Ifg =g " Qu,theng <uandg™Qu < q.Ifg <uandqtOu < q,theng =q*Og < g Ou < gq.

e RT(w)={¢d €Q:3,eCe=eq =eOu}.

If g € 27 (u), then ¢ = g ©u (by definition) and g € Idem(Q). Ife®e = e, theneGu < u and
eowTou<(e"Ou)Ou=e® " Ou) = e®u. Then, by the previous item, e © u € 27 (u).

e 2F(w) C{geQ:qOu =qandg < u}. (f)

Ifge 2T w),theng=gT" Qu=gT"QuoOuT=qg0ou™.

olfge Q1 (w),thengT Out =¢+ and g+ € 2T ™).
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26  On sheaves on semicartesian quantales and their truth values

Suppose that ¢ € 27 («). By the previous observation ¢ = ¢ © u™ and, by the minimality of ¢+,
we have gt < ut. Since ¢t,ut are idempotents, we obtain g7 = ¢t © ut = ¢t © ut, thus
gt e 2Fwh).

(c) Given v < u in O, we can define a corresponding restriction map by:

QYW - 27 W)
g =g ov

Note that:
o g™ ®v e 27 (v). Because, in general, for every e € Idem(Q), e @ v € 2F(v).
elfv<uandge 2T (u),thengt Ovel{d €cQ:¢d Out =4 and ¢’ < u} D 27 (u). Because
g ovsqgtou=g<uandgtOv=gTOvoVvi <g¢gTOvOuT <gt O
eIfvt Qu=v,thenv <uand 2F(v) € 2% (). Because v=v" ©u < uand if e € Idem(Q),
thene®v =e® (v Ou) = (e®v") O u and the result follows from a characterization given in (b).
(d) £27 is a presheaf on Q.
The definition of £27 (u) gives ¢ = g7 © u, Vu € Q, Vg € 2% (u). In other words, ¢;, = g.
Concerning the composition, if w < v < u, on the one hand,

qr, = g ow
=q+®w®w+ wowh =w
<gqtovow' w<v
<@ ontow' (—)* is a supremum
=11
On the other hand,

G, =@ ontow
<q" ovtow @obt <da"ob*
—qtovtow
§q+®w

= qrw

(e) 27 is a separated presheaf.
Letu =\ u;, and p,q € 27 (u) such that ¢}, = py,., Vi € I. Then:

iel
g=qtou=q"0\/u=\/qd ou=\q,

iel iel iel

z\/pfui :\/P+®ui=p+®\/ui=p+®u=p.

iel iel iel
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On sheaves on semicartesian quantales and their truth values 27

Based on the construction of the (separated) presheaf £21 provided above, we obtain the following
result.

PROPOSITION 21
Let O be a unital, commutative, semicartesian and double distributive quantale. If we assume, in
addition, that O is a divisible quantale satisfying the coherence property below:

(coherence) Va,b,d,b' € O, a < b,d <V,

aOb =d ob = atobt=dTobt.

Then 27 is a sheaf.

PROOF. We have established in the construction above that 27 is a separated presheaf. Thus, by
Proposition 9.1, to conclude that 27 is a sheaf, it is enough to show that every compatible family
for 2% admits some gluing.

Note that if g € 27 (1) and v < u, then

gtoveld €eQ:dout =q¢ andq <u) 2 2% ().

It follows from ¢t © v < ¢" O u = g < u, from Q being divisible, and that v < u implies
Grovout=¢gtorvout)=¢gT 0o vovh) =g ©v, by Lemma 1.14.
Now we will verify that any compatible family can be glued.

Let u = \/ u; and consider {g; € 2% (u;)}ies be a compatible family.
iel
This means q;" O W Ou) = qf O (u; © u) and this is equivalent to

(compatibility) q; © uj = q; O u;, Vi,j € I.

Setq:=\/ ¢ Ou
iel

We have that ¢ € 27 (u) because, by item (b):

61=\/q;r®u§u

iel

gtou=(\/qg owtou<\/G owtous\/(gf ouHhouw=\/qg cu=gq

iel iel iel iel

We have g; < q1y;. Indeed:
gG=q; Qui=(q ou)Tou<(V ¢ ouTou=(Vq Owtou=qu
i.kel iel
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28  On sheaves on semicartesian quantales and their truth values

It remains to prove that g}, < g;. We will use the extra hypothesis on the quantale O—that it
satisfies also the coherence property—to obtain this.

q[uj = q+ @ uj
= (\/ gt owt ou by definition of g
iel
=@ onhHoy by Lemma 1.16
iel
< (\/(CI;FJr out) Oy by Lemma 1.9
iel
= (\/((J?_ ouh) Ou; by Lemma 1.7
iel
= \/ q;r owroe u;) by distributivity and associativity
iel
=\/ql.+@uj by Lemmas 1.12 and 1.15
iel
= \/(q?L ©) u;r) O u; by Lemma 1.4
iel
= \/(q;r Qu) Oy by (compatibility) and (coherence)
iel
+ +
=\ uH o ou
iel
= ") O (g) by Lemma 1.16

where the last equality holds because ¢; > (u™) © (¢;) > (u;r) © (¢j) = g; by Lemma 1.15 and item
(b) (t) previously constructed.
Therefore, gluings exist, and this ends the proof. O

REMARK 11

1. There are some examples of quantales that satisfy all the conditions in the above construction:
the locales, the quantales of ideals of any PID, the quantales R U{oo}, NU{oo}, etc. Moreover,
note that this class of quantales is closed under arbitrary products and that the mapping Q +—
Q7 preserves the product construction (see Proposition 12).

2. Inthe localic case, the sheaf 2 coincides with the subobject classifier sheaf, which we denote
by £20. Note that if Q is a locale, then 2T () = {g € Q : " Qu=q} ={ge Q : g <
u} = $o(u), and T, () = u. Thus, T : 1 — 27 coincides with the subobject classifier
in the category of sheaves on locales [7, Theorem 2.3.2]. Moreover, note that, in general, the
restriction ‘Qp}dem(Q) : Idem(Q)°P — Set is such that for each e € Idem(Q) ‘Qﬁ}dem(Q) (e) N
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Idem(Q) = {¢ € Idem(Q) : € < e} = R¢(e) is the value of the subobject classifier of the
localic topos Sh(ldem(Q)). We will readdress this subject in Theorem 4.

3. If Q is the quantale that satisfies the property: for each ¢ € Q, if ¢ > 0, then g™ = T. Then
2% (w) = {0, u}, for each u € Q. Note that this condition holds whenever Q is the quantale of
ideals of some PID or one of the linear quantales R4 U {oo}, N U {oo}, for instance.

REMARK 12

1. Let Q be a commutative, semicartesian, unital and double distributive quantal. For each v, u €
O such that v < u are equivalent: (i) v < (u — v); (i) vT < (u — v); (ii) v O u < v; (iv)
viEOu=v;(v)ve 2w); (vi) 2T() € 27 (u). See Remark 3 to remind the meaning of
u— v

2. If a commutative quantale Q satisfies, for each v < u, the condition (i) above, then it will be
called strongly divisible. Note that a quantale satisfying the hypothesis in previous item and
that is strongly distributive, then (by item (iv)) it is divisible.

3. The class of quantales that are commutative, semicartesian, unital, double distributive and
strongly divisible—and its subclass of quantales satisfying also the condition of coherence (21)
— contains all locales and is closed under arbitrary products and under interval construction of
the type [e, 1], where e € Idem(Q).

THEOREM 4
Suppose that O is a (commutative, semicartesian), unital, double-distributive, coherent and strongly
divisible quantale.
Then the sheaf 27 (see Proposition 21) classifies all the subobjects in the category Sh(Q). More
precisely:
1. T:1— 2%, givenby T, : {x} - 2% (u), T,(*) = u determines a monomorphism in
Sh(Q).
2. For each monomorphism of sheaves m : S » F, there is a unique morphism x” : F — 7,
such and such the diagram below is a pullback.

sAFES ot 18

In particular, every monomorphism in S#(Q) is regular and the category Sh(Q) is balanced
(see Remark 9).

PROOF. The strategy of this proof is similar to the corresponding proof of Theorem 3, so we will just
will provide details in some parts.

Let ig : S < F be a subsheaf.

For each u € Q and each y € F(u) we define: (u,y) := {g € 27 (u) : F(g < u)(») € S(¢)} and
W := \/{(u,y). Then v’ = max(u, y), since the set (u,y) is closed under suprema (because 2 () is
closed under suprema and S is a subsheaf of F).

Candidate and uniqueness:

Suppose that ¢ : F — 27 is a natural transformation such that the diagram
[ !
sEFpLorl1 s

is a pullback.

Z Aenige 60 U0 Josn O13¥d OYHI3gI SYH1TT SYIONIID VIHOSOTI4 3avaTnOv4 Ad 985285 //1.80PEX8/W00B0I/£60 L 0 L/10P/S[oIHE-80UBAPE/WO0B0]/WOY"dNO"OILSPEDE//:SAY WO, PAPEO|UA



30 On sheaves on semicartesian quantales and their truth values

By naturality, note that for each u,v € Q, if v < u and y € F(u), then
HFO<w®) = ¢ OV < Ou=gu(y).

By the pullback condition, if v < u is such that F'(v < u)(y) € S(v), then:
() v=g,(FOv <u)() = ()" O

Moreover, if v € 2% (1), then:

(sek) V< du(y) OVE.

Indeed, v=uOvi =u® (.0 OV <u® (dsMHTOWMT =u0 (g OV =
du() © vt

Since ¥’ € (u,y), we obtain, by (x), (¢,(»)" © v’ = v’ and, in particular, 2’ < ¢,(») 7.

On the other hand, denote ¢,(y) = v’ € 27 (u), then v’ = ¢,(y) = ¢ (FW < u)(y)), thus
u' € (y,u). Therefore:

(G * %) du(y) <.

By the relation just above and taking v = # in (*x*), we obtain
W <o) 0wt <w oWt =, ie i € 2T (gu(y).
Thus:

( * %) uONT 0w =1 = ¢,(») O 7.

Summing up: ¢, (y) < ¥ < (¢,(»))*. Therefore, (¢, ()T = ).

Now we prove that the hypothesis of strongly divisible on Q entails ¢, (y) = ’: this establishes
the uniqueness.

By (xxx) and since ¢,(y) < 1’ entails 27 (¢,(»)) € 21 (@) and ¢,(y) € 27 (¢,(»)), then
$u(¥) = ¢u()T O 1. Thus by (xx5%) du(») = M+ O ¥ = o2,

For each u € Q and y € F(u), define

x50) =1 =max{g € QT w) : F(qg < u)(y) € S(q)} € 27 (w).

Since u = max$2™ (u), then y € S(u) iff x,f(y) = u. Thus for each u € Q, the map le cF(u) —
2% (u) defines a pullback diagram in the category Set.

It remains only to check that ( X{f )ueo is a natural transformation. Let v < u.

We always have x5 ()" O v < x3(F(v < u)(¥)), since: x5(F(v < u)(y)) = max{q' € 2+ () :
F(g <v(F@ =u)() €Sg)}and xS (T oveld € 2T0) : F(¢d <v(FE =u)®) € S(g)H}

Indeed, x5(») = ' € {g € 2T (w) : F(g < w)() € S} € 2% ). Thus, () @)t Ov e
QFTW); () )T ov < W)t Ou =, thus F()T Ov < w)(y) € S(wW)T © v). Therefore,
K0T Ove 21 and F(@)* 0 v < WEW < w)() € S()* O v).

Now, we will use the hypothesis that Q is strongly divisible to obtain X,f MmTov > X§ (F(v <
1) (y)) and that establishing the naturality of ( x;f ucQ-

LetVv = Xf (F(v < u)(y)). Since F(V' < u)(y) € S(V) and v € 27 (v), by strongly divisibility of
0, 21 () € 2% (u). Thus, V' € (y,u) and, therefore, v < . Then, x5(F(v < u)(»)) < x5().

Therefore, x5 (F(v <u)(») = x5 (Fv <u)())T O v < x30)* © v, as we wish. O
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6 Final remarks and future works

Note that for each (finite or infinite) cardinal 6, and for each sheaf F, there are ‘external operations’:
\/%, /\19: : Sub(F)? — Sub(F) and % : Sub(F) x Sub(F) — Sub(F); moreover, these operation
are natural in F. Thus, for the subclass of commutative semicartesian quantales in the conditions of
Theorem 4, an application of Yoneda lemma gives us ‘internal operations’ (= morphism in S#(Q))
\/0, /\9 (210 - 2tand*: 217 x 2T — 7. Based on the relationship between such internal
operations, we have started a study of the internal logic of the category Sh(Q): these results will be
part of a future work.

Also, we are developing a parallel work regarding change of basis for sheaves on quantales:
suppose ¢ : Q — @ preserves ©, suprema and unity (thus ¢ is a functor). Then we obtain a
‘change of basis’ functor ¢, : Sh(Q) — Sh(Q)

F G > (Fod® % G o),

Since limits in categories of sheaves are coordinatewise, this functor ¢, clearly preserves limits,
thus it is natural to pose the question if it is a right adjoint. The candidate to be the left adjoint
is the same one that appears in the localic case and so we want to study under what conditions
the left Kan extension Rangor : PSh(Q) — PSh(Q') restricts to Rangor : Sh(Q) — Sh(Q'). The
technical construction will appear somewhere else but we leave here two motivations to go deeper
into this question: (i) Kan extensions are known as the ‘best approximation’ of a given functor
through another given functor. Since the inclusion Idem(Q) — Q preserves multiplication, suprema
and unity we may argue that Sh(Idem(Q)) is the best localic topos associated to Sk(Q) and (ii) study
sheaves on rings by studying sheaves on topological spaces and vice-versa through functors between
the locale of open subsets of a topological space X and the quantale of ideals of a ring generated by
the X, as the ring of continuous functions, for instance. We are investigating such relations and apply-
ing cohomological techniques aiming to find closer relationships between algebra and geometry.

Moreover, we are exploring a notion of covering appropriate for monoidal categories that is
more general than a Grothendieck pretopology such that the respective category of sheaves—called
Grothendieck lopos—encompass both Grothendieck topos and SA(Q). This approach leads to the
development of an elementary lopos theory, a generalization of toposes but with a linear internal
logic. In [3], the coauthors of the present work describe a category of O-Sets, which will also be used
to guide the future definition of a lopos, and when Q is locale we obtain a well-known equivalence
between the category of sheaves on a locale and complete O-Sets. Therefore, this paper is one of
many steps in the direction of a broader project.
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